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Entanglement of distant electron interference experiments 
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Two electron interference experiments which are far from each other, are considered. They are 
irradiated with correlated nonclassical electromagnetic fields, produced by the same source. The 
phase factors are in this case operators, and their expectation values with respect to the density 
matrix of the electromagnetic field quantify the observed electron fringes. The correlated photons 
create correlations between the observed electron intensities. Both cases of classically correlated 
(separable) and quantum mechanically correlated (entangled) electromagnetic fields are considered. 
It is shown that the induced correlation between the distant electron interferences is sensitive to the 
nature of the correlation between the irradiating photons. 

PACS numbers: 42.50.Dv; 85.35.Ds; 73.23.-b 



I. INTRODUCTION 

Interference of electrons encircling a magnetostatic flux 
has been studied extensively since the work of Aharonov 
and Bohm 0, • These ideas have been applied in vari- 
ous contexts, for example, in magnetoconductance oscil- 
lations in mesoscopic rings , "which-path" experiments 
0, and neutron interferometry 0. 

The Aharonov-Bohm effect can be generalized by re- 
placing the magnetostatic flux with an electromagnetic 
field. The objective in this "ac Aharonov-Bohm" effect is 
very different from the "dc Aharonov-Bohm" effect (with 
magnetostatic flux). In the latter case the physical real- 
ity of the vector potential has been demonstrated and the 
subtleties of quantum mechanics in nontrivial topologies 
have been studied. The former case constitutes a nonlin- 
ear device, where the interaction between the interfering 
electrons and the photons leads to interesting nonlinear 
phenomena. Indeed the nonlinearity can be seen in the 
intensity of the interfering electrons which is a sinusoidal 
function of the time-dependent magnetic flux. In Refs. 
the interference of electric charges in the presence 
of both classical and nonclassical electromagnetic fields, 
has been studied. It has been shown that the quantum 
noise of the electromagnetic field affects the phase factor. 

In this paper we consider two Aharonov-Bohm inter- 
ference devices which are far from each other. Each of 
them is irradiated with a nonclassical electromagnetic 
field. The aim of the paper is to consider entanglement 
between the two electromagnetic modes irradiating the 
two Aharonov-Bohm interference devices and study the 
correlations between the interfering electrons in the two 
devices. We note that in Refs. we have studied the ef- 
fect of photon entanglement on a single Aharonov-Bohm 
interference device. Here we consider two electron inter- 
ference devices far apart from each other, and show that 
the two electron interferences are correlated due to the 
entanglement between the two electromagnetic fields. 

In Sec. II we describe the experiment. We show that 
the joint electron intensity depends on the density oper- 



ator describing the two-mode electromagnetic field. In 
Sec. Ill we consider two cases for the density operator 
of the field, separable and entangled . We conclude in 
Sec. IV with a discussion of the results. 



II. ELECTRON INTERFERENCE 

We consider two electron interference experiments far 
apart from each other, which we refer to as A and B 
(Fig. 1). They are irradiated with electromagnetic fields. 
Each electron beam splits into two paths Cao, Cai and 
CbotCbi (paths with higher winding numbers are ig- 
nored) . 

Let 4>a be the time dependent flux threading the loop 
Cai — Cao- The electron wave function at the point xa 
is given by 0, 



^a{xa) = iI>ao(xa) + exp(iecj)A)4>Ai{xA), 



(1) 



where iPao(xa) and iPai(xa) are the electron wave func- 
tions associated with the paths Cao and Cai , correspond- 
ingly. This leads to the electron intensity 



7a(o"a) = 1 + cos(<7a + e<f>A), 

a a = &Tg[lp A l(XA)] - BXg[lpAo(XA)], 



(2) 



for the case of equal splitting between the two wave func- 
tions (IVuoOea)I 2 = 1/2= \vjai(xa) | 2 )- We note that the 
phase difference a a is effectively a rescaled position x a 
on the screen. All the results below are in terms of a a 
(and o~b)- 



A. Nonclassical electromagnetic fields 

As explained in our previous work 0, for a nonclas- 
sical electromagnetic field of frequency uj the flux <f> is 
an operator. The dual quantum variables of the elec- 
tromagnetic field are the vector potential Aj and the 
electric field -E 1 ,. Although the dual quantum variables 
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FIG. 1: Two electron interference experiments which are far 
from each other are irradiated with nonclassical electromag- 
netic fields. The two electromagnetic fields in the two exper- 
iments are produced by the source Sem and are correlated. 



are local quantities, we consider loops which are small 
in comparison to the wavelength and after integration 
we get = § c Aidxi and the electromotive force V = 
§ c Eidxi as dual quantum variables. We next introduce 
the corresponding creation and annihilation operators, 
fit = 2- 1 /2£-i(0_m,-iy) and a = 2~ 1 ^ 2 ^- 1 {(f>+iuj- 1 V), 
where £ is a constant proportional to the area enclosed 
by the loop and in units ks = ti = c = 1. We 
work in the "external field approximation" where the 
back-reaction from the electrons on the electromagnetic 
field is neglected. This is valid for external fields which 
are strong in comparison to those produced dynamically 
by the electrons (back-reaction). In this case we get 
4>(t) = 2~ 1 / 2 £[exp(zwi)a t + exp(-iut)a\. 

Exponentiation of the magnetic flux operator yields 
the phase factor exp[iecf>(t)], which becomes 



exp[ie4>(t)]= D[iqexp(iut)]; q = 2~ 1 / 2 £,e, (3) 

where D(x) = exp(a;a^ — x*a) is the displacement op- 
erator. In order to find expectation values we take the 
trace of the exp[ie<j)(t)] operator with respect to the den- 
sity matrix p describing the nonclassical electromagnetic 
field: 



Tr{/?exp[ie0(i)]} 
A 



Tr[pD(\)} e 
iqexp(iujt). 



W(X) 



(4) 



Here W is the Wcyl or characteristic or ambiguity func- 
tion (c/. Ref. and references therein). The tilde 
in the notation reflects the fact that the Weyl function 
is the two-dimensional Fourier transform of the Wigner 
function (which is usually denoted by W). 



B. Correlated electron intensities 

Let p be the density operator describing the two-mode 
nonclassical electromagnetic field in both devices. The 
first mode of frequency uj\ interacts with electrons in ex- 
periment A and its density matrix is pa = Tr^p. The 
second mode of frequency uj2 interacts with electrons in 
experiment B and its density matrix is p B = Tr^p. 

For nonclassical electromagnetic fields the flux and 
consequently the intensity of Eq. J2J are operators. In 
order to find the expectation value of the intensity we cal- 
culate its trace with respect to the appropriate density 
matrix and using Eq. we find 

I A {a A ) = Tr{p A [l + cos(a A + e$ A )]} 

= l + \W{\ A )\cos{cr A + zrg[W{\ A )]}. (5) 

where A^ = iqexp(iujit). As we have explained in de- 
tail in our previous work 0, Q, the visibility in this 
case is |W^(Aa)| which takes values less than 1. It has 
been shown there that this is intimately related to the 
quantum uncertainties in the electric and magnetic fields 
and consequently the reduction of the visibility from 1 to 
|W(A J 4)| is due to the quantum noise in the nonclassical 
fields. 

Similarly the electron intensity in experiment B is 

Ib(ctb) = Tr{p B [l + cos((T B + e(j> B )]} 

= l + |M>(A s )|cos{ ( r B + arg[VF(A B )]}, (6) 

where Xb = iq exp(«a>2t) . 

We next consider the joint electron intensity in the two 
experiments. It is given by 

I(<j a ,<j b ) = 

Tr{p[l + cos(cr A + e$ A )][l + cos(cr B + e$ B )]}. (7) 

The correlations between the electron interferences in the 
two experiments are quantified with the ratio 



R = 



I(a Al a B ) 
I A (a A )I B (a B ) 



(8) 



III. EXAMPLES 

Two mode density matrices are factorizable (uncorre- 
cted) if they can be written as p — p A ® pB- They are 
separable (classically correlated) if they can be written 
as P = J2iPiPA,i ® pB,i where pi are probabilities. Den- 
sity matrices which cannot be written in one of these two 
forms are entangled (quantum mechanically correlated). 
There has been a lot of work on criteria which distin- 
guish separable and entangled states 0- In this paper 
we compare and contrast the influence of separable and 
entangled photon states on two distant electron interfer- 
ence experiments. 
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We consider two cases for the density operator p of the 
two-mode electromagnetic fields. The first is the separa- 
ble (classically correlated) density matrix 



1 



p sep = -(|01}(01| + |10)(10|). 



(9) 



The second is the entangled state |S) = 2" 1 / 2 (|01) + 110>) 
with corresponding density matrix 



Pent 



Pscp+2(|01}(10| + |10}(01|), 



(10) 



where p scp is given by Eq. (0. The difference between 
p scp and pent lies in the above non-diagonal elements. 



A. Classically correlated number eigenstates 

In the case of separable electromagnetic fields of Eq. 
@ the electron intensities are 



where 



Ia(cta) = l + acosa A , 
Ib{<?b) = l + acoscr B , 



2-q 2 



exp,-- 



11) 



(12) 



As explained in detail in Refs. |6j, [7J the visibility corre- 
sponding to I a or Ib is a < 1, due to the noise in the 
nonclassical electromagnetic fields. 
We also calculate the joint intensity 

Iscp{o-A,<7 B ) = 1 + a(cOS0VL + COSCTb) 

+2/3 COS CTa COSCTb, (13) 



where 



/?=^-^exp(- 2 ) 



(14) 



The ratio R of Eq. © is 

Rse P (cr a, cr b) = 

1 + a(cos<7A + coses) + 2/3 cos a a cos as 
(1 + acos<r^)(l + a cosctb) 

Rsepi&A? &b) is periodic in a a and ctb with period 2% 
for each of the screen positions. Its stationary points are 



(15) 



such that 
that 



da A 







0R Ba 
da , 



- and it can easily be shown 



1 - 2a + 2/3 l + 2q + 2/3 

—r- ^— < R scp {a A ,crB) < —7— — ^— . 16) 

(1 — ay (1 + ay 

The global minimum occurs at the point {a a — %, <Jb — 
7r) and the global maxima at the points (a a = 
or 2n, ctb — or 2%). 

We note that for factorizable (uncorrelated) electro- 
magnetic fields R = 1. In the example of separable (clas- 
sically correlated) electromagnetic fields of Eq. (J5J) we get 
R sep independent of time, which takes values less than 1 
(the upper bound in the inequality l|16fl is slightly less 
than 1). 



B. Entangled number eigenstates 

We now consider the entangled electromagnetic fields 
of Eq. H1Q(I . In this case the electron intensities Ia{&a) 
and Ib{&b) are the same as in Eq. (|llfl . The joint elec- 
tron intensity is 

Ient(&A,<TB) = 4ep A I a B ) 

— q 2 exp(— q 2 ) sinovt sinus cos[(wi — U)z)t], (17) 
and the ratio of Eq. (JHJ is 



Rent {GA,VB) = R scp {aA,<JB) ~ q 2 CXp(-q 2 ) 

sin cr a sin ct b cos[(u/i — 

(1 + acos(T J 4)(l + a cosctb) 



(18) 



It is seen that / e nt(f A, &b) is equal to I sep (<JA, cfb) of Eq. 
(|13|l plus an extra term, which oscillates in time with fre- 
quency u>i — L02 around this value. In the case uj\ = ll>2 
the electron intensity 7ent(c J 4, cs) differs from the elec- 
tron intensity I scp (aA, &b) by a constant (which depends 
on a a, <Jb)- Similar comments apply to R sep {crA, &b) 
and Rent {(J a, cr B ) 



C. Numerical results 

In all numerical results the electromagnetic fields have 
frequencies u>\ = 1.2 x 10~ 4 and 0J2 = 10~ 4 , and the pa- 
rameter £ = 1. Fig. 2 shows the I S ep{<TA, 0\b) of Eq. 
(|T3|l as a function of a a and ctb. Fig. 3 shows the 
Rsep(&A-> cs) of Eq. i|15|) . We note that in our example 
the i? S ep is time-independent and min(i? sep ) = 0.7557, 
max(i? sep ) = 0.995. 

Fig. 4 shows i?ent at (oj\ —u>2)t = % as a function of a a 
and ctb- Fig. 5 is a slice of Fig. 4 for ctb = — 1.1%. Fig. 
6 shows the time variation of the two ratios, R scp (line of 
circles) and i? cn t (continuous line), for a a = 0.987T and 

ctb = — 1.171". 

The results show that both classically and quantum 
mechanically correlated photons induce correlations on 
the distant electron interference experiments. We have 
compared and contrasted two examples: the p sep of Eq. 
©, which is a mixed state; and the pent of Eq. fTD). 
which is a maximally entangled pure state. These two 
density matrices of the electromagnetic field differ only 
by off-diagonal elements. We have shown that the effect 
of these off-diagonal elements on the correlations between 
the electron interference experiments, is drastic (compare 
and contrast Figs. 3 and 4). 



IV. DISCUSSION 

We have considered electron interference experiments 
irradiated with nonclassical electromagnetic fields. In 
this case the phase factor is the quantum mechanical op- 
erator of Eq.@ and its expectation value with respect 
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to the density matrix of the electromagnetic field, affects 
the interference. In this general context, we have stud- 
ied the case of two electron interference experiments that 
are far from each other and are irradiated with two elec- 
tromagnetic fields of frequencies wi,ct>2- The two elec- 
tromagnetic fields are produced by the same source and 
are correlated; consequently the expectation values of the 
two phase factor operators in the two experiments are 
also correlated. 

The examples of Eqs. © and l|l(J|l have been consid- 
ered. They represent classically correlated (separable) 
and quantum mechanically correlated (entangled) elec- 
tromagnetic fields, correspondingly. Due to the correla- 
tions in the electromagnetic field the electron fringes are 
also correlated. This has been quantified with the ratio 
R of Eq. (JSJl . In the example considered the i? sep (Eq. 
(221) is time-independent and takes values less than 1. 
The i? cnt (Eq. (|18|l % ) oscillates sinusoidally in time (with 
frequency lo\ — lo-i) around the value R scp . In the case 
lui = L02 the ratio i? ell t(cA, (Jb) differs from R sep (aA, ob) 
by a constant (which depends on a a, &b)- 

Other examples, can also be calculated. But the exam- 
ples considered show clearly the main point of the paper, 
which is that distant electron interference experiments 
can be correlated through correlated photons. We have 
also shown that the correlations of these distant electron 
interference fringes are sensitive to the off-diagonal ele- 
ments of the electromagnetic density matrix. 

The work brings together concepts from generalized 



Aharonov-Bohm phenomena irradiated with nonclassi- 
cal electromagnetic fields and concepts from nonclassi- 
cal correlations and entanglement. The results demon- 
strate that entangled electromagnetic fields interacting 
with electrons produce entangled electrons. 




FIG. 2: I 3 ep as a function of <ta,<tb 6 [— 2-k,2h\. The fre- 
quencies are wi = 1.2 x 1CP 4 and U12 = 10~ 4 , in units where 
fes = % = c = 1. 
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FIG. 3: Rscp as a function of ua,ob € [—2ir,2ir]. Here 
min(i? sop ) = 0.7557 and max(i? sop ) = 0.995. The frequen- 
cies are loi — 1.2 x 10~ 4 and L02 = 10~ 4 , in units where 
fes = % = c = 1. 




FIG. 4: R cnt as a function of a a, ob £ [— 2ix, 2ir], at t = (wi — 
cj2) _1 7r. The frequencies are wi = 1.2 x 10~ 4 and u)i = 10~ 4 , 
in units where fcs = % = c = 1. 
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FIG. 5: Comparison of R cnt (continuous line) and R Bep (line of 
circles) against a a for (coi — uo2)t = tt and <jb = — I.Itt. Note 
that max(_R sep ) = 0.995. The frequencies are u>i = 1.2 x 1CT 4 
and W2 = 1CF 4 , in units where fee = % = c = 1. 




FIG. 6: Comparison of i? C nt (continuous line) and i? S cp (line 
of circles) for a a = 0.987T and ob = — 1.17T as a function of 
dimensionless time. The frequencies are ui = 1.2 x 1CP 4 and 
UJ2 — 10 -4 . We use units where fee = h = c = 1. 



